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NOTE ON THE INVOLUTANT OF TWO BINARY MATRICES. 


[From the Messenger of Mathematics, vol. xx. (1891), pp. 136, 137.] 


CONSIDER the two matrices 
M=(4,6), M=(a, U ), 
c, d | | c,d’ | 


and their product in one or the other order 
MM’=(A,B), M’M=(A,, B, ). 
|o, D| | ©, D,| 


Then the Involutant is by definition = either of the determinants 


£ y Teri i ey TARE eld: a 
eee aN A = Qe 8 
Og, e G 0, 405) C 
tL ee er E P, Lider 


viz. it is to be shown that these two values are in fact equal. 


We have 
( a’, c’) b, d’) 
MM’ = (a, b) » ” =(A, B ) 
(oj ait i ae 


that is, 
A=aa'+ be, B=ab'+bd, 


C=ca'+dc, D=cb'+dd, 
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a, a, A, 3 


B, 
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and similarly 
(a, c) (b, d) 
MME (a, b’) ge os TE =( A,, B, ' 
(c’, d’) » » | C,, D, 

that is, 

A,=aa'+ cb’, B =b + db, 

C,=ac’+cd’, Di =b +dd', 
viz. A,, B,, C, D, are obtained from A, B, C, D by the interchange of the accented 
and unaccented letters. 


We have then, from the first expression for the Involutant, 
DEA O Eo Ola B MO o EAN a l= Dilly a, na 
RR a Be day, l Ri ait On Oe 
i aaa Or die ee Osi EIE AREN i 
= A (be — b'c) — B (ac — a'c + cd’ — cd) + C (ab' — a'b + bd’ —b'd)— D (bë — b'o), 
or substituting for A — D, B and C their values, this is 
(aa’ — dd’ + be’ — b'c) (be — b'c) — (ab' + bd’) (ac' — a'e + ed’ —c'd) 
+(ca’ + de’) (ab’ — a'b + bd’ — b'd); 
and multiplying out and grouping together the terms in be, bc, be’ and b'c, this is 
found to be 
=— (d —d') be + (a— d) (a' — d’) (be + b'c) — (a — dy b'e + (be — b'o}, 
which is 
=— {(a—d)b’ — (a — d') b} {(a—d) d — (a' — d') co} + (be — b'oY. 
Hence, writing 
a=b — b'c, f=ad'—ad, 
b=ca’—ca, g=bd —b'd, 


c=ab’'—ab, h=cd' — cd, 

we have 
=—(c+g)(—b+h) +a’, 

that is, 
I= be—ch+bg—gh+ a’ 

To obtain the value of J, we must interchange the accented and unaccented 
letters, that is, change the signs of the several quantities a, b, c, f, g, h; but Z, 
being a quadric function of the six quantities, is not altered by the change; that 
is, we have J= J. 
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